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Linear Time-Varying Systems 


X= A(t)x — x(t) = ®(t,t0)x(to) (x) 


¢ The state transition matrix P(t, fo) satisfies the equations: 


£ lt, to) = A(t)®(t, to) (2) 
~ (t,t) = —(t,to)A(lo) (3) 
0 


¢ No eigenvalue test for stability in the time-varying case: 


—1—1.5sintcost —1+1.5sin?t 


A(t) = 


—~1+41.5cos?t  1—1.5sintcost | 


eigenvalues: —0.25 + i0.25,/7 for all t, but unstable: 


et cost etsint 
sint e 'cost 


uo [ 28 


¢ For linear systems uniform asymptotic stability is equivalent to 
uniform exponential stability: 


Theorem?: x = 0 is uniformly asymptotically stable if and only if 


\|P(t, t9)|| < ke A4-'0) for some k >0, A>. 


* Last lecture: V(t,x) = x’ P(t)x proves uniform exp. stability if 


(i) P(t) + AT(t)P(t) + P(t)A(t) = —Q(t) 
(ii) O<kI< P(t) <kyl 
(iii) O <k3I < Q(f) for all t. 


The converse is also true: 


Theorem: Suppose x = 0 is uniformly exponentially stable, A(t) is 


continuous and bounded, Q(t) is continuous and symmetric, and 
there exist k3,k4 > 0 such that 


O0<kgIl< Q(t) <kgl for all t. 


Then, there exists a symmetric P(t) satisfying (i)-(ii) above. 
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Khalil Section 4.6, Sastry Section 5.7 


? Khalil Thm. 4.11, Sastry Thm. 5.33 
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Proof: 


foe} 
2 . Ff T 
Time-invariant: P = | a” * Oe" dr 
0 


Time-varying: P(t) = | ” © (x, Q(t) ®(, t)dt 
t 


Using the Leibniz rule, property (3), and ®(t,t) = I we obtain: 


P(t) = I (Fee. nanetr,0 +0(7,)Q) (7,1) dt 


Lyapunov-based Feedback Design Examples 


Model Reference Adaptive Control 


Illustrated on a first order system: 


y=ayt+u (4) 
where a* is unknown. 
Reference model: 
Yn = —AY¥m +r(t) a> 0, r(t) : reference signal. (5) 


Goal: Design a controller that guarantees y(t) — ym(t) — 0 without 
the knowledge of a*. 


If we knew a*, we would choose: 


u= —(a" +a)y+r(t) => y=-ay+r(t). 


The tracking error e(t) := y(t) — ym(t)_ satisfies: 


é = —ae = e(t) > 0 exponentially. 
Adaptive design when a* (therefore, k*) is unknown: 
u = —K(#)y + r(t) 


where k(t) is to be designed. Then: é¢ = —ae — (k(t) — k*)y. 
—_—— 
=:k(t) 
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Use the Lyapunov function: V = }e? + $k: 


V = —ae* — key + kk 


= —ae’ +k(k — ey). 


Note k =k and choose k = ey so that V = —ae?. 


This guarantees stability of (e,k) = (0,0) and boundedness of 
(e(t),k(t)) since the level sets of V = 4e? + 3k? are positively in- 
variant. In addition, if r(t) bounded, then y(t) in (5) is bounded, 
and so is y(t) = ym(t) + e(t). Then we can apply the Theorem from 
Lecture 11, page 3, to the time-varying model 


é = —ae —y(t)k, k= y(t)e, 
and conclude from V = —ae? that e(t) > 0. 


Whether k(t) — 0 (k(t) — k*) depends on further properties of the 
reference signal r(-) that are beyond the scope of this lecture. 


Backstepping 
Khalil (Sec. 14.3), Sastry (Sec. 6.8) 


Feedback stabilization: Given the system 


4 = f(x) + g(x)u (6) 


with input u, design a control law u = a(x) such that x = Ois 


asymptotically stable for the closed-loop system: 


¥ = f(x) + 9(x)a(x). 


Backstepping is a technique that simplifies this task for a class of 
systems. 


Suppose a stabilizing feedback u = «(X) is available for: 
X =F(X)+G(X)u XER"ueER 


and suppose the closed-loop system admits a Lyapunov function 
V(X) such that 


oV 


= (F(X) Be G(X)a(X)) < —W(X) <0 VWX40. 


Can we modify «(X) to stabilize the augmented system below? 


X = F(X) +G(X)x 


Define the error variable | z = x — «(X) | and change variables: 
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where a(X,z) = 2% (F(X) + G(X)o(X) + G(X)z). Take the new 
Lyapunov function: 


Vi.(X,z) = V(X) + x2 
Vie ov (F(X) + G(X)a(X)) SRO + z(u — k) 
< —W(X) =2(u—a+ Vex) 
Let: u =a — oY .G(X) kz, k>O. 


Then, V; < —W(X)—kz? = (X,z) = 0 is asymptotically stable. 


Example: ty =4tx 
Xo =U. 
Treat x2 as “virtual” control input for the x|-subsystem: 


a(x1) = —kyx,-—xt ky >0 


1 
Vi (x1) = st 
Apply backstepping: 


Zp = XQ — W(X) = XQ +hy xy + x2 


Z2=u-waX 
OV. 

u=k— 1 — kya, ky > 0 
Ox 


= —(ky be 2, (x2 + xp) — XxX ko(xo + kyx1 4 i). 
ER “HZ "<< 


=H OV, = 22 


